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VARIATIONAL PRINCIPLE OF THERMOELECTROELASTICITY
AND ITS APPLICATION TO THE PROBLEM OF VIBRATIONS
OF A THIN-WALL MEMBER

A. O. Vatul’yan and V. V. Kovaleva UDC 539.3

The dynamic behavior of thin-wall members manufactured from materials with the pyroelectric effect
was studied. A variational formulation of the problem is used, and a variational principle is formu-
lated that differs from the well-known one. Correct boundary-value problems describing the tension,
compression, and bending of a thin-wall pyroelectric member are constructed using the variational
principle and a number of hypotheses on the distribution of the components of physical fields along
the width of the member.

Introduction. Structures and members manufactured from piezoactive materials are presently widely
used in engineering. It is of interest to study their behavior under conditions of nonuniform temperature loading.
Investigations and calculations were performed using the model of coupled thermoelectroelasticity [1], in which the
system of equations is generally rather complex. The boundary-value problems of thermoelectroelasticity are based
on the equations of thermopiezoelectricity formulated by R. D. Mindlin at the beginning of the 1960s of the 20th
century. The mutual effect of thermal, electrical, and elastic fields was studied in [2-5]. A generalized formulation
of the boundary-value problem of thermoelectroelasticity is given in [5]. In the solution of particular problems, a
need arises to construct simpler models and equations.

In the present paper, we consider the system of equations and boundary conditions for the problem of
vibrations of thin-wall members manufactured from materials with the piezo- and pyroelectric effect.

1. Formulation of the Problem. The problem of steady-state vibrations of a body which occupies volume
V' with boundary S is studied using the model of coupled linear thermoelectroelasticity. Assuming steady-state
—iwt

vibrations and omitting the time factor e , we write the basic equations in the form

05, + i = —w2pui, Dy, =0, —iwTon = —q;; +w. (1)
The constitutive relations are [1]

0ij = Cijki€ki — Yij0 — €rijEr,  Di = eimier + 950 + € Er,  n = vijei; + (co/To)8 + g: E;, @)

Ey = —vr, gij = (Wi +uj)/2, q; = —k;0 ;.

Here o0;; are the stress-tensor components, D; are the components of the electric-induction vector, 7 is the entropy,
q; are the components of the heat-flux vector, F; are the components of the volume-force vector, w is the volume
power of internal heat sources, u; are the displacement-vector components, ¢ is the electric potential, ¢ is the
temperature increment relative to the temperature in the natural state c;;i; are the elastic-tensor components,
ek are the piezoelectric-tensor components, €;; are the permittivity-tensor components, «;; are the components of
the temperature-stress tensor, g; are the pyroelectric coeflicients, k;; are the components of the thermal-conduction
tensor, c. is the heat capacity for constant deformation, p is the density, T is the Kelvin temperature in the natural
state (all quantities correspond to the isothermal state).
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The surface S bounding the body can be represented as S = S, U S, = Sy U S, = S_ U S, USH. The
boundary conditions are written as

oiinils, = pi, Uils, = w0, qnjls, = f, Ols, =060, Djnjlsy =0, v|s. = Fpo, (3)

where p;, w0, 0o, and f are known functions, 2¢q is the specified potential difference, and n; are the components
of the unit vector of the outer normal to S.

If the quantity ¢g is unknown, it is determined from the additional condition that the piezoelectric member
is connected in the electric circuit:

iw / D, dS = —I, (4)
S.

where [ is the amplitude of the periodic current.

Thus, the behavior of the thermoelectroelastic body is described by a system of five second-order differential
equations of complex structure with boundary conditions (3). We construct simpler models of thin-wall pyroelectric
members similar to the models of plate and beam bending. To construct such models correctly, one need to use the
variational principle of thermoelectroelasticity.

2. Formulation of the Variational Principle. The variational principle of thermoelectroelasticity
is formulated in [1], where the equations and boundary conditions are constructed by varying two independent
functionals. The variational principle given in the present paper is an analog of the Lagrange variational principle
of elastic theory, and the pertinent functional is constructed by the Lagrange multiplier method factors. Let us
introduce the concept of a kinematically possible field in the problem of thermoelectroelasticity. We assume that it
consists of the functions u;, ¢, and € which are doubly continuously differentiable in the volume V' and satisfy the
kinematic boundary conditions du;|s, = 0, dp|s, = 0, and 66|s, = 0. Then, the following statement holds. Among
all kinematically possible fields, true fields provide for a steady-state value for the functional L:

2
P o w 1 1
L= / ( 5 Ui + Fiu; + T 0 — 5 Ciihl€ijEki + €k Pyi Pok — ST kij0,; 0.
v

1
— €kij€ijPok TVij€ii0 — Giyi 9) av + /piui as — Ty /f9 ds. (5)

o q

(>
2o
The variational equation L = 0 is equivalent to system (1) subject to the constitutive relations (2) and the boundary

conditions on S,, Sy, and S, in (3).
Varying the functional L, we obtain

1
5L:/[(pw i + Fi + 01, )0ui + Doy 60 + (—T - qm)cse]dv
174
+ /( —04n;)0u; dS — —/ —q;in;)00dS + /Dknk&pds =0. (6)
So

Since the variations of the displacements, potential, and temperature are arbitrary and independent, then, by virtue
of the basic lemma of variational calculus, from relation (6) it follows that the factors at relevant variations in both
the volume and surface integrals are equal to zero, and, hence, Eq. (1) and the natural boundary conditions in (3).

3. Simple Model for Vibrations of a Thin-Wall Member. We consider the problem of vibrations of
a plate of a thermoelectroelastic material of the 6 mm class. We assume that the plate is in a plane strain state
and the required fields satisfy the constraints

L, dm_de
w2 =5 81'2_81'2_81'2_.

The section of the plate xo = const is a rectangle Q [—[,1] x [-H, H]. Vibrations of the plate arise because
of the difference in temperature between the boundaries x3 = +H:

UlB‘mg::ﬁ:H = 033|x3::ﬁ:H = O, S0|E3::‘:H = i‘POa 9|rgzﬂ:H = 0:|:a
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013]z1=41 = O11]zy=41 = 0, D1z, =41 = 0, q1lz,=+1 = 0.

In this formulation, the constants 6L are known and the unknown potential ¢q is determined from the additional
condition (4), which, in this case, becomes

l
/Dg(.’l}l,H)dxl =0. (7)
—1
Let us construct a simplified model for the deformation of the plate with ¢ = H/l < 1 using the classical
Kirchhoff hypotheses and assuming

up = uio(x1) — xaubo(z1), uz =uso(z1), ¢ = (z3/H)po, 0=T1+ (z3/H)T>, (8)

where T = (04 +0_)/2 and T = (01 —6_)/2. Substituting (8) into the functional, we obtain its variation. Setting
the factors at the independent variations du1g and dusg equal to zero, we obtain a system of equations and boundary
conditions that describe vibrations of a thin-wall member within the framework of the thermoelectroelasticity model.
The obtained system of equations and boundary conditions is naturally divided into two independent prob-
lems, which can conditionally be called the problems of “tension—compression” (Problem 1) and “bending” (Prob-
lem 2) of a thin-wall member.
Problem 1. The unknown function uyq satisfies the equation and the boundary conditions

chufp + PW2U10 =0, TUiglai =1 = 11111 — (e51/H)wo.
Problem 2. The unknown function uggy satisfies the equation and the boundary conditions

2 *
x«  (4) 2 1 3pw _ I 2 _ x 1 T
Critizg + pwTUzg — 2 U0 = 0, (ciiusg + pwuzg)|e,=+1 =0, clusple,=+1 = A T5.

Here ¢}y = c11 — ¢33/c33, 71 = 111 — c13733/c33, and €31 = e31 — ez3c13/cas.

It should be noted that the difference in temperature between the boundaries enters into the equation of
Problem 2, and the sum enters into the equation of Problem 1. In Problem 2, the equation and the first boundary
condition differ from the equation and boundary condition of the classical problem of beam bending only in the
terms pw?uf, and pw?ub,, respectively, which take into account rotary inertia [6]. The term —(vy;y/H)Ts, which
depends on the difference of the temperatures 6, and 6_, plays the role of the bending moment applied at the edges
xr1 = +1.

The additional condition (7) has the form

l *
/ (631(7/10 — Hugg) — % wo+95(Th + T2))d331 =0, (9)
-1
where €33 = €33 + €33/c33 and g5 = g3 + Y33€33/C33-

The solutions of Problems 1 and 2 are written as

U0 = l(ﬁlTile(sE;éH)ﬁpo) sin (? 131), Uzp = c]*;YHTlKO (f(&2) cosh (&171) — f(&1) cosh (€221)) T3,
where k = wl/c, c = \/cty/p, e = HJl, &12 = (k/(ﬁl))\/fl + /1 +12/(k2e2), f(&1) = &1(&3 + K2/12) sinh (£411),
and Ko = & f(&1) cosh (€2l) — &7 f(&2) cosh (&1).

The induced potential is determined from (9) as follows:

wo =111 + @215,
w1 = H(e3visink + g5¢ikcos k) /do, do = €35¢; kcosk + €32 sink,

2 = cik cos k(gzl — (e31711/Ko)(f(§2)81 sinh (&11) — f(&1)€2 sinh (€20)))/do.

Let us analyze the obtained formulas for calculating the induced potential. In a pyroelectric member there
are two sets of resonant frequencies that correspond to longitudinal resonances, determined from the condition
do(k;) = 0, and bending resonances, determined from the equation Ko(k;) = 0. At these frequencies, the induced
potential tends to infinity. It should be noted that at 75 = 0 there is no bending.
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4. Improved Model of Vibrations of a Thin-Wall Member. The simplest model of deformation of
a thin-wall member studied in Sec. 3 ignores the temperature distribution along the z; coordinate and yields an
infinite increase of the potential at the frequencies of the longitudinal and bending resonances.

We consider an improved model of vibrations of a thin-wall member, assuming that

ur = uro(x1) — w3(e1s/caa) (1) — z3U50(21), u3 = ugo(x1), (10)

Y = (1 —x%/Hz)Qo(xl) +l‘3(p0/H, 0= (1 —x%/HQ)QO(xl) + (J,‘3/H)T2 + (l‘g/H2)T1

In this case, the following kinematic boundary conditions are satisfied: ¢(x1,+H) = £y and 0(z1,+H) = 0.
In addition, o13(z1,+H) = 0, and the additionally introduced functions ®¢(z1) and 6p(z1) have a simple physical
meaning: ¢(x1,0) = ®o(z1) and 0(x1,0) = Hy(z1).

Varying the functional (5) with allowance for (10) and setting the factors at the independent variations du1g,
dugg, 0P, and d0y equal to zero, we obtain a system equations and boundary conditions, which is also divided in
a natural fashion into two independent problems.

Problem 1la (generalized problem of tension—compression). The unknown functions uig and 6, satisfy the
following equations and boundary conditions:

¢ty + pwuig — (2/3)75,05 =0,

4 k‘n ,,_(2 k‘33 40) :_<2 k33 lc:)Tl-i-g;

Mo+ 5 iwTy 5T, H? iwTy 5T, H

H? iwTy 5Ty
(chiuto = (2/3)71100) =21 = 111 T1/3 — (e31/H)po,  ple,==1 = 0.

Problem 2a (generalized bending problem). The unknown functions ugy and Py satisfy the following
equations and boundary conditions
2

3pw 4 9 €15 ek

‘311U30)+P uffy — 22 U30+C117¢()+(P 4+4H321)(I)3:
i ﬁu()‘*‘( 2615"'_2631) 30 + €1 i@(‘*)

1 1o H? U3p 11 2, 0
615 des, eis 19 615 8 611) " desq 295
) P, Py = —T:
+ (p? 2, T H? e T HEP ey 5 H? g0 T s
€15 2 €15 2631
(Cnug(/) + pwiulyy + ¢f — ot 5’ + <P - + 2 )q) ) el 0,
2 2 *
€15 615 €15 =m ( 2 €15 2631 €15 19 615 8 611) /)
i) 15 =t o o =0
(Cll Cq4 Y30 +p Cq4 USO +CH 024 0 + pw 024 + H? Cq4 H2 C4q4 5 H? 0 z1==l ’
€15 "oy 2631 ) Y1
il cl 02 P = ——="1T5.
( U5y + €1y o A 7 L2
The additional condition (7) has the form
! *
e €
/ (e3: (uho — 1 ey Huly ) = 2 (0o — 200) + g3(Th + T) ) day = 0. (11)

—1

It should be noted that the sum of the temperatures on the boundaries enters into Problem la, and their
difference enters into Problem 2a. Problems la and 2a are much more complicated than Problems 1 and 2. Their
solutions are expressed in terms of roots of biquadratic and bicubic characteristic equation.

The induced potential has the same structure as in Sec. 3: @9 = 111 + w215, and 1 and @9 are found from
condition (11).

We construct a solution of Problem 1a for the case where T5 = 0, i.e., bending is absent and ®5 = 0, uzg = 0.
In this case, the solution of Problem 1 has the form
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ulp = ZAi sinh (Aiz1), o = E B, cosh (Njz1) + LTy — FQ ©o,
=1 i=1

A; = (2/3)(vii /)N X, Bi= (A +k*/1°)Xi, Ly =bs/by, Lo =by/bs.
Here \; are solutions of the characteristic equation
(4/5)A* + (2v11b1/(3¢fy) — b + 4k*/(51%)A* — bok? /17 = 0,
where by = Tyike/(k11l), ba = (10lks3 — 4ctky1 H?ike)/(5H?k11l), by = (10lkss + ctki1 H?ike)/ (5H?k11l), and
by = giTyike/(k11l), and X; are obtained from boundary conditions
_3cn ﬁFO@) )7 _ 3 iy P F(\)

X, ==
YT 291 B2 Dy 2 v7, k2 Dy

<N1T1 — No 20

900)
N1Ty — Ny —
H (11 2 )

H
where

F(A1) = M (A + £2/1)sinh (Ml), N1 = iy (1 + 2b3/b2)/(3¢iy), N2 = (€5 + 291164/ (3b2)) /iy, and Do =
F(A1) cosh (Aal) — F(A2) cosh (Aql).

The potential ¢q is determined from the additional condition (11):

g31k2 Dy + A Aol%es, Ny sinh (A1) sinh (Aol) (A2 — A2)
e25lk2Dg + M Agl%es, Ny sinh (A1) sinh (Al)(A2 — AZ)’

In this case, the value of the potential ¢g is complex. Then, separating the real part, we obtain g = AR sin (wt+03),
where A is a dimensional factor and R is the dimensionless amplitude which depends on k.

Figures 1 and 2 gives curves of the potential amplitude versus the dimensionless frequency k for a pyroelec-
tric member made of barium titanate (the solid curves correspond to the simplest model and the dashed curves
correspond to the improved model). In Fig. 1, the curves are shown in the neighborhood of the first longitudinal
resonance and in Fig. 2, they are shown in the neighborhood of the second longitudinal resonance. A comparison
of these curves show that in the improved model, the amplitudes are finite and shifted toward increasing k. An
analysis shows that the improved model can be used to describe coupled vibrations of pyroelectric members.

In the case of vj; = 0 at 15 = 0, which corresponds to the absence of coupling, in Problems 1 and la, the
solutions for the induced potential in both models coincide and are brought to the form ¢y = Ty Hgjci k cos k/dp.

In modeling vibrations of pyroelectric members, it is common to use the concept of weak coupling, in which
the quantities v7; and g3 are considered small and regular expansions in these parameters are constructed. It is
easy to show that with this approach, infinite jumps of the potential amplitude at the frequencies of the longitudinal
and transverse resonant are retained. In the nonresonant fields, this approach yields results close to those obtained
for the improved model.

This work was supported by the Russian Foundation for Fundamental Research (Grant Nos. 99-01-01011
and 00-15-96087).
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